We analyze the differential relation corresponding to integrability of almost complex structures, reformulated as a directed immersion relation by Demailly and Gaussier. We prove that the relation has formal solutions up to complex dimension 77, and that, given a formal solution, there is always a holonomic section approximating it. The latter result implies in particular that, up to complex dimension 77, any almost complex manifold admits a sequence of almost complex structures so that the pointwise supremum norms of the Nijenhuis tensors become arbitrarily small.
Introduction
In their paper [3] , Demailly and Gaussier construct, for a given complex dimension n, a universal space Z with an algebraic distribution D for which all almost complex n-manifolds immerse into, transverse to D. More precisely, they prove the following theorem. Theorem 1.1. (Demailly, Gaussier) For all integers n ≥ 1, there exists a complex affine algebraic manifold Z of dimension N = 38n 2 + 8n possessing an anti-holomorphic algebraic involution and an algebraic distribution D ⊂ T Z of codimension n, for which every compact n-dimensional almost complex manifold (X, J) admits an embedding f : X ֒→ Z R transverse to D and contained in the real part of Z, such that J = J f , where J f denotes the almost complex structure on T Z/D pulled back under f .
The space Z they construct is a combination of Grassmannians and twistor spaces, built in such a way that essentially "globalizes" the local picture relating Frobenius integrability with the Nijenhuis tensor, via Whitney embedding. Moreover, they give a criterion for when a given almost complex structure J is integrable, with respect to this setup. Theorem 1.2. (Demailly, Gaussier) For every compact n-dimensional integrable complex manifold (X, J), there exists an embedding X ֒→ Z R transverse to D, contained in the real part of Z, such that (i) J = J f and ∂ J f is injective;
(ii) Im(∂ J f ) is contained in the isotropic locus I of the torsion operator θ of D, the intrinsically defined algebraic locus in the Grassmannian bundle Gr(n, D) → Z of complex n-dimensional subspaces in D consisting of those subspaces S such that θ| S×S = 0.
The torsion operator θ is defined as
Note that by taking the quotient, we obtain a skew symmetric bilinear tensor ; we may view it as a holomorphic section of the bundle ∧ 2 D * ⊗ (T Z/D). The inclusion condition (ii) Im(∂ J f ) ⊂ I is actually necessary and sufficient for integrability of J f . Here, ∂ J f = 1 2 (df + J Z • df • J f ) where J Z is the fixed complex structure on Z.
In the language of Gromov and the h-principle [9] , the above gives rise to a natural directed immersion problem. As described in [4] , the setup is as follows: let Gr n (W ) be the Grassmannian bundle of tangent n-planes to a manifold W of dimension strictly larger than n and V be an n-dimensional manifold. Let A ⊂ Gr n (W ) be an arbitrary subset. An immersion f : V → W is said to be an A-directed immersion if the induced tangential lift Gdf maps into A, where Gdf sends a point v to df v (T v V ). The corresponding differential relation lies in the first jet space of the trivial fibration V × W → V . All of the above can similarly be done replacing the word immersion with embedding.
In other words, the question of when an almost complex structure can be moved along a path of almost complex structures into one that is integrable is equivalent to a modified directed immersion problem with respect to ∂ of immersions into the universal space Z. One can then apply the philosophy of the h-principle and ask: (i) Are there formal solutions to this differential relation?
(ii) Assuming (i), are there genuine solutions to this differential relation? Does it satisfy the h-principle?
In fact, even if there were no obstructions to a formal solution, we already know that this relation fails the h-principle: there exist almost complex manifolds in complex dimension 2 that have no integrable complex structures, as shown classically by Van de Ven [21] .
It is an open problem as to whether there exist such manifolds in higher dimensions.
This paper is organized as follows: we first give preliminary information about the differential relation and the corresponding subspace of the Grassmannian bundle. We prove in section 3 the following result. Theorem 1.3. There are always formal solutions to the above differential relation for n ≤ 77.
In section 4, we prove that there is always a holonomic section into an arbitrarily small open neighborhood of the relation, using the method of holonomic approximation and a microextension trick [4] . This implies in particular: Theorem 1.4. Up to complex dimension 77, an almost complex manifold admits a sequence of almost complex structures so that the pointwise supremum norms of the Nijenhuis tensors become arbitrarily small.
We note that the above statement is independent of the background metric chosen. We then prove as a corollary in section 5 that this implies that the Nijenhuis energy has no positive infimum in the above range of dimension.
The subspace I and the relation R I
In this section we provide some preliminary information about the universal space Z, the distribution D, the subspace I, and the differential relation R I . For the entirety of this paper, we only discuss complex dimension. Let Gr(r, s) be the Grassmannian of complex r-planes in s-space.
The space Z is constructed in [3] as the set of tuples (z, S ′ , S ′′ , Σ ′ , Σ ′′ ) in C 8n × Gr(3n, 8n) × Gr(3n, 8n) × Gr(4n, 8n) × Gr(4n, 8n) where S ′ ⊂ Σ ′ , S ′′ ⊂ Σ ′′ , and Σ ′ ⊕ Σ ′′ = C 8n . The space Z is then a quasiprojective subvariety of this product of Grassmannians. The flag decompositions are equivalent to a choice of complex structure on C 8n and S ′ ⊕ S ′′ where S ′ ⊂ Σ ′ and S ′′ ⊂ Σ ′′ correspond to the +i and −i eigenspaces respectively. We could also write Z as a subvariety of C 8n × F (3n, 4n, 8n) × F (3n, 4n, 8n) where F (3n, 4n, 8n) denotes the flag variety of 3n-planes in 4n-space in C 8n . There is a natural transitive group action of C 8n × GL(8n, C) on Z, which is by translation on the euclidean factor and matrix multiplication on the flag factors. Therefore Z is a homogeneous space with its dimension (as computed in [3] ) equal to N = 38n 2 + 8n. Let N denote this quantity for the rest of the paper.
Remark. In [3] , Z is actually taken to be an open affine subset of the above space by removal of an appropriate subvariety, but it is shown that any almost complex manifold X embeds into the above quasiprojective variety anyway.
The distribution D is defined at a point P = (z, S ′ , S ′′ , Σ ′ , Σ ′′ ) as the set of tangent vectors (v, u ′ , u ′′ , w ′ , w ′′ ) where v ∈ S ′ ⊕ Σ ′′ tautologically, with no other conditions on the other components. This gives T P Z/D P ∼ = Σ ′ /S ′ , so T Z/D is isomorphic to the pullback (by inclusion) of the tautological quotient bundle over the flag variety F (3n, 4n, 8n), and D is corank n.
The embedding of an almost complex manifold (X, J) into Z is constructed by first embedding X into the diagonal of X × X, and then embedding X × X by the product embedding into euclidean space via Whitney. One then complexifies the normal bundle of this embedding and its complex structure J , defined as the direct sum of the complex structures J, −J, and J ∆ where −J is the conjugate complex structure and J ∆ is the complex structure on the double normal bundle. The embedding into Z is then by taking as the four subspaces the +i and −i eigenspaces of J on C 8n and the complexified normal bundle, in such a way that Σ ′ /S ′ ∼ = T 1,0 X. Thus Z and D are defined tautologically so that X embeds transverse to D, and so that the pullback complex structure agrees with the initial complex structure, by way of a real (which is a posteriori complex) isomorphism f * (T Z/D) ∼ = T 1,0 X. The idea is to take the proof originally due to Gauss relating Frobenius integrability for the +i-eigenspaces with the integrability of a real analytic complex structure, and make it universal by Whitney embedding. For full proof and construction, see [3] .
Lemma 2.1. The distribution D is totally non-integrable, i.e., iterated Lie brackets of vector fields tangent to D span T Z.
Proof. Note that there is another transitive action on Z, given by the affine group Aff(C 8n ), which acts by affine transformations on the euclidean factor and the general linear action on the flag factors. That is, for a tuple (z, S ′ , S ′′ , Σ ′ , Σ ′′ ) and an affine element (A, b), we can act by
Under this action, D becomes an invariant subspace: for an affine element g ∈ Aff(C 8n ), the differential dg maps D to D. Now, at a point z, consider the subspace D z defined as the span (over the ring of smooth R-valued functions) of all iterated Lie brackets of vector fields tangent to D evaluated at z. For any other z ′ ∈ Z, there exists g ∈ Aff(C 8n ) such that g · z = z ′ by homogeneity of the affine group action on Z. Since D is invariant and biholomorphisms push forward Lie brackets, we have that 
, with the Lie derivative of J along Y vanishing since holomorphic vector fields admit flows φ t that are holomorphic and therefore satisfy By universality of the construction of D and Z in [3] , we have that for given dimension n, every almost complex n-manifold X embeds into Z by some map f transverse to D such that f * (T Z/D) ∼ = T X. Therefore, to show that T Z/D has no proper complex subbundles, it suffices to exhibit in each dimension n an example of an almost complex manifold whose tangent bundle does not split into complex subbundles. However it is known that CP 2k admits no complex subbundles and that CP 2k+1 only admits a complex line subbundle and its complement for all k [6] . It remains to find odd dimensional almost complex manifolds whose tangent bundles have no complex line subbundles.
The following observation is due to A. Milivojevic: recall that a manifold M is stably almost complex if T M ⊕ ǫ k R is a complex vector bundle, where ǫ k R is the trivial rank k real vector bundle. We have that , and so the connect sum of two stably almost complex manifolds is stably almost complex. We have that S 5 × S 5 is complex [2] and so its connect sums are stably almost complex, by the above observation. By Theorem 2 in [23] , we have that # 25 S 5 × S 5 is almost complex. Moreover, it is 2-connected with nonzero Euler characteristic, and so it has no complex line subbundle in its tangent bundle. Since S 6 is also 2-connected with nonzero Euler characteristic, we have that products of S 6 with # 25 S 5 × S 5 are almost complex manifolds that do not admit any complex line subbundle in their tangent bundle. This gives every dimension of the form 3a + 5b, which gives every odd dimension except 7. Finally, we have that HP 2 #HP 2 #(S 4 × S 4 ) is a 2-connected almost complex manifold with nonzero Euler characteristic in dimension 4 ([16] Prop. 6). Again by taking a product with S 6 , we obtain dimension 7. We conclude
D would be integrable, and every almost complex structure would be integrable.
Question. The author did not know of any examples of odd dimensional complex manifolds that did not admit a complex line subbundle. Recall that every odd real dimensional manifold admits a line subbundle in its tangent bundle, since its euler class vanishes. We ask, as in the real setting: does every odd dimensional complex manifold admit a complex line subbundle in its tangent bundle? Notice that if this were true, then S 6 would have no integrable complex structure.
Let Gr(n, D) denote the Grassmannian bundle of complex (i.e., J Z -invariant) n-planes in the distribution D, with fiber Gr(n, D z ) ≃ Gr(n, N − n) over z, where N − n is the rank of D. Let I denote the isotropy locus, i.e., the set of n-planes on which the torsion tensor θ vanishes. We can use the vanishing of θ to realize the fiber I z = I ∩ Gr(n, D z ) as the zero locus of an algebraic section of a holomorphic vector bundle over Gr(n, D z ). Consider the holomorphic vector bundle ∧ 2 (γ n ) * ⊗ C n where γ n denotes the tautological bundle of n-planes, and the star denotes its dual. The appropriate algebraic section σ z is defined by sending a plane S ⊂ D z to the map θ| S×S . We compute the expected dimension of I z as n 2 2 (75n + 13), since I z is cut out by n 2 n equations. Moreover, the dimension of the Grassmannian fiber is n 2 (38n + 6).
Recall that a differential relation is any subspace of a jet bundle. The differential relation R I is then a subspace of the first jet bundle J 1 (X, Z), which is a vector bundle over X × Z where each fiber over (x, z) is Hom R (T x X, T z Z). More precisely, 1-jets are defined formally as germs of local sections, equivalent if they agree on first derivatives. A representative of a 1-jet over a point x can be thought of as a triple (x, z, L) where z is the value of the section at x, and L is a "formal" derivative of the section at x. Treated as a generic element of the jet space, however, these three elements in the triple have a priori no relation with each other. For more on jets, see [4] , [9] , or [12] .
The differential relation at hand is not on the nose a directed immersion relation, but a slight modification of it. First, it requires that the differential be injective and transverse to the distribution. This way, one can pull back the complex structure on the quotient bundle to obtain the complex structure on the domain. Second, the relation asks that the antiholomorphic differential be injective, where the antiholomorphic differential is defined as
with J f the complex structure obtained by pullback via the isomorphism df with T X and T Z/D. A crucial observation is that ∂f being injective is independent of J f , as implied by the following. Lemma 2.2. ∂f is injective if and only if the immersion f is totally real, i.e., the differential satisfies
Notice that V is J Z -invariant. Complexifying T X, T Z, and df , we have by J Z -invariance (i.e., V being a complex vector space) that there exists a +i-
and therefore, by definition of the pullback complex structure, that J f u = iu (since df is complex linear with respect to the complexification). Evaluating the complexified ∂f on u,we have
By injectivity of ∂f , we have that u = 0, so v = 0.
By definition, the pullback complex structure
so by precomposing ∂f with J f , we have that ∂f maps automatically into D. Moreover it sends tangent planes to J Z -invariant planes since ∂f anticommutes with the complex structures. The directed immersion relation for ∂f mapping tangent planes into the isotropy locus I is then well posed.
The relation R imm for immersions, R D for maps transverse to the distribution, and R ∂ imm for totally real maps are all open relations. In contrast, the relation R I that corresponds to ∂f mapping tangent planes into the isotropy locus I is closed. Thus, the relation for directed immersions we are ultimately interested in is a locally closed subspace, being an intersection of closed and open subsets.
To summarize, our relation is contained in the simultaneous intersection of the following three differential relations R imm , R D , R ∂ imm where, in terms of a 1-jet (x, z, L), i. R imm denotes the immersion relation, i.e., that L is injective;
ii. R D denotes the transverse to D relation, i.e., that L is transverse to D;
iii. R ∂ imm denotes the relation that ∂L is injective, where ∂L =
Observe that we can make sense of ∂L since all we need for a pullback complex structure is a bundle isomorphism. The relation of interest R I is the subset of this three-fold intersection where we additionally require ∂L(T x X) ∈ I for all x ∈ X. Let R c denote the intersection of the three relations above, which are all open. The relation R I is the zero set of the map (x, z, L) → σ z (∂L(T x X)) defined on R c , where σ z is the algebraic section that cuts out I z defined previously. Thus, R I is a subspace with expected codimension n 2 n in the first jet bundle.
Formal integrability
A section η of the first jet space J 1 (X, Z) defined on X is holonomic if it is the 1-jet j 1 σ of some section σ of X × Z, where j 1 σ(x) = (x, σ(x), dσ x ). Given any differential relation R in the first jet space J 1 (X, Z), we say a section η is a formal solution if it has image in R. Such a section is a genuine solution if it is also holonomic. A necessary condition for a section to be a genuine solution is for it to be a formal solution. The goal then is to first see if there are any purely homotopical obstructions to having a formal solution, before looking for a genuine solution. For our particular case, we can analyze the Grassmannian bundle directly; i.e., given a map into Z and a tangential lift into the Grassmannian bundle, we can try and homotope the tangential lift to a map into the subspace I.
Remark. Note that if we assume we already have an almost complex structure, then we have a holonomic section to R imm ∩ R D for free, and vice versa; it's worth noting here that any obstructions to having a holonomic section here should correspond to known homotopical obstructions for admitting an almost complex structure, but we have not investigated this point.
To homotope a given tangential lift through a fiberwise homotopy, we must study the relative homotopy groups π * (Gr(n, N − n), I z ) where I z denotes the fiber over z of the subspace I, and Gr(n, N − n) is the Grassmannian of n-planes in (N − n)-space. For dimension reasons, we only need to consider whether there are obstructions up to * = 2n, as the obstructions lie in H * (X, π * −1 (Gr(n, N − n), I z )) by classical obstruction theory. However, as I may have possibly singular fibers, the obstruction cocycles may not be a priori well defined. The following theorem of Sommese [18] implies that the obstructions are not only well defined, but actually vanish. Assume that E is globally generated by sections and that B is the zero set of a holomorphic section of E. Then we have π j (W, B) = 0 for j ≤ dim W − rank E − k.
A proof of the above can also be found in Sommese and Van de Ven [20] (1) . Note that by definition, p * O P s−1 (1) ≃ O PE (1) since, over a point (Λ, λ) ∈ PE where Λ is an r-plane and λ is a line in Λ, each bundle has as fiber all linear functionals defined on C s restricted to λ ⊂ Λ. It remains to show that the projection p actually arises as a map from taking all global sections, which is equivalent (see [8] ) to it being nondegenerate (i.e., does not map into a hyperplane of P s−1 ) and having h 0 (PE, p * O P s−1 (1)) = s. Consider the short exact sequence
where ε denotes the s-dimensional trivial vector bundle and Q denotes the tautological quotient. Dualizing this sequence, we obtain
We have that H 0 (Gr(r, s), Q * ) = H 1 (Gr(r, s), Q * ) = 0 since Q * is a subbundle of the trivial bundle and by a Leray spectral sequence computation. Therefore, by the long exact sequence on cohomology, we have that H 0 (Gr(r, s), E) ≃ (C s ) * . We also have H 0 (PE, O PE (1)) ≃ H 0 (Gr(r, s), E) canonically as vector spaces (Ch. II, Prop. 7.11 in [10] ). We conclude that h 0 (PE, O PE (1)) = h 0 (Gr(r, s), E) = s. The map is nondegenerate, since it is the identity in the projective space component, being a projection. The fiber of this projection is then all r-planes in s-space containing a given line, which has dimension k as in the statement of the lemma.
In our situation, our bundle is E = ∧ 2 (γ n ) * ⊗ C n . Moreover the dual of the tautological is globally generated, being a quotient of the trivial bundle. By global generation, all direct sums, quotients, and tensors are k-ample [14] for the same k, so our bundle E is globally generated and k-ample for k = 38n 3 − 32n 2 − 6n. By the above theorem of Sommese, we have the following. Lemma 3.2. The relative homotopy groups π j (Gr(n, N −n), I z ) vanish for j ≤ 1 2 (−n 3 +77n 2 +12n).
Note that as n tends to infinity, the right hand side of the inequality tends to 0; as the codimension increases, it becomes harder to detect the vanishing of relative homotopy groups. One could hope for homotopy obstructions for large n (say after n > 77), but it seems unlikely. Proof. It follows from the above theorem of Sommese that one can always homotope the given tangential lift to a map into the isotropy locus up to complex dimension 77. We can then equip Z with a hermitian metric and consider the fibration SU (D) over Z, where a fiber over z is SU (D z ). We can define a map fiberwise from SU (D) to Gr(n, D)| X where X is identified with its immersed image in Z, by the quotient map SU (N − n) → SU (N − n)/(SU (n) × SU (N − 2n) ). Note this quotient map SU (D) → Gr(n, D)| X is only well defined as a fibration over the Grassmannian bundle restricted to X, as otherwise there is no canonical choice of n-plane so as to take quotients (our choice of n-plane is the image of the tangent plane of X under ∂f ).
We can then use the homotopy lifting property to lift the tangential homotopy X × I → Gr(n, D)| X to a homotopy X × I → SU (D), by lifting the initial time of the homotopy to the Identity. By homotopy lifting with respect to the pair (Z, X) as in [11] , we can extend the homotopy X × I → SU (D) to a homotopy Z × I → SU (D). For each time t, we then obtain a section of SU (D); i.e., we have a family of maps Φ t : D → D such that each one is a complex bundle automorphism of D that covers the Identity on Z. We now have a linear map Φ 1 • ∂f that maps the tangent planes of X into the isotropy locus, but not yet a formal solution.
Using the hermitian metric, choose a J Z -invariant complementary subbundle of D. Then we can extend Φ t to be the identity on the complementary subspace and consider Φ t • df . Since we extended as the Identity on D ⊥ , we have Φ t •df mod D = df mod D, so we also have for the pullback complex structures that
Moreover, Φ t • df is still an injective, totally real linear map transverse to D for all t.
We conclude that in this range of dimension, there are always formal solutions to the directed immersion problem. The question remains as to when Φ 1 • df is actually a genuine solution, or at least homotopic to a genuine solution. In fact, Φ 1 • df as constructed above will never be holonomic unless the initial complex structure was integrable to begin with, since the pull back complex structure by the formal solution is the initial complex structure. There may be no genuine solutions at all, as mentioned in the introduction. Nonetheless, we can try and approximate the formal solution by a holonomic section, and see how close we can get to the isotropy locus.
Holonomic approximation of a complex structure
In this section, we prove that we can always find a holonomic section that is ǫ-close to our formal solution, albeit after perturbing our manifold within a thickened neighborhood of itself. If A is a subset, we denote by Op A an open neighborhood of A, following Gromov's notation [9] . We now introduce two technical definitions, which can be found in Eliashberg and Mishachev [4] .
Let X → V be a fibration and let I k denote the k-dimensional unit cube. A differential relation R ⊂ X (r) is locally integrable if given a map h : I k → V , a family of sections
and a family of local holonomic extensions near ∂I k
there exists a family of local holonomic extensions
such that for p ∈ Op(∂I k ), these new extensions agree with the original extensions over Op h(p). In other words, R is locally integrable if any formal solution over a point can be locally extended to a genuine solution. The parameter I k is included to say this local solvability holds parametrically and relatively.
A differential relation R is microflexible if for any sufficiently small open ball U ⊂ V and any families smoothly parameterized by p ∈ I m of
• holonomic sections F 0 p : Op A p → R, and
, of the sections F 0 p over Op B p which are constant over Op(∂B p ) for all p ∈ I m and constant over Op B for p ∈ Op(∂I m ), there exists a number σ > 0 and a family of holonomic homotopies
which extend the family of homotopies
and are constant over Op(∂A p ) for all p ∈ I m and constant over Op A for p ∈ Op(∂I m ). In other words, R is microflexible if local deformations of genuine solutions can be extended to global deformations of genuine solutions for small times. This property will be used to glue/interpolate from one holonomic section to another when both are defined on the same open neighborhood.
We can now state the following theorem also in Eliashberg and Mishashev [4] . Theorem 4.1. (Holonomic R-approximation theorem) Let R ⊂ X (r) be a locally integrable microflexible differential relation. Let A ⊂ V be a polyhedron of positive codimension and suppose there is a section F : Op A → R. Then for arbitrarily small δ, ǫ > 0, there exists a δ-small (in the C 0 -sense) diffeotopy h τ : V → V, τ ∈ [0, 1], and a holonomic sectionF : Op h 1 (A) → R such that
In other words, given a formal solution to a locally integrable microflexible differential relation defined on some positive codimension polyhedron, we can find an C 0 -approximating holonomic solution in the r-th jet space X (r) defined on a perturbation of the polyhedron. In fact, in the case of V = A × R, we can choose our diffeotopy to be a vertical perturbation (i.e., of the form (x, t) → (x, h(x, t)). We will need the following exercise of Gromov, found in p. 84 of [9] . Exercise 1. (Gromov) Let R tang denote the differential relation of immersions R → Z that are tangent to the distribution D. If D is totally non-integrable, then R tang is microflexible.
The exercise above is actually false as stated; Bryant and Hsu show in [1] that there exist examples of totally non-integrable distributions (e.g., Engel structures) which possess rigid integral curves, i.e., curves tangent to D that cannot be deformed relative to their ends. However, the statement becomes true upon restricting to regular integral curves, as suggested in [4] . Here, a regular integral curve is defined as follows: consider all integral curves nearby γ (in the Whitney C ∞ topology) with the same starting point and evaluate their endpoints. This defines a map to Z from an infinite dimensional manifold of curves. Then, γ is regular if this map is a submersion at γ. For a precise definition of a regular integral curve, see Hsu [13] . The correct statement is then the following. For the proof of the above, see [17] . Note that one does not need totally non-integrable as an assumption on D to prove local integrability when considering all integral curves; the assumption is used if restricting to regular curves, which are also proven to be generic [13] , [17] . Given the above result, combined with the fact that our distribution D is totally non-integrable, we can now prove the main theorem of the paper, following the same argument as in [4] , [9] , [17] . Proof. Let R c denote the intersection of the three differential relations R imm , R ∂ imm , and R D as before. We now do the following microextension trick : take the almost complex manifold X and consider X × R, with the modified differential relation R c−tang which corresponds to totally real immersions X × R → Z transverse to D, but tangent to D and regular when restricted to each fiber {x} × R. The main point of the argument is then that holonomic approximation applies to R c−tang .
Since D is totally non-integrable, it follows from [17] that R reg−tang is both locally integrable and microflexible. The openness of R c and local integrability of R reg−tang imply the local integrability of R c−tang : for a formal solution F = ((x, t), z, L(x) ⊕ V (t)) of R c−tang over a point (x, t), we can find a small contractible neighborhood around {x} and a holonomic section (x, f (x), df x ) of R c agreeing with (x, z, L(x)) over x, since open relations are locally integrable. Then we can use the local integrability of R reg−tang to find a locally defined regular integral curve γ that agrees with V over t, nowhere vanishing on the image of f , which is contractible. Our holonomic section agreeing with F over (x, t) is then defined locally as ((x, t), f (x), df x ⊕ γ ′ (t)). The parametric condition on the boundary of a cube also holds, again since local integrability of R c gives an extension that agrees with the given boundary data, and then local integrability of R reg−tang gives a nowhere vanishing vector field defined on a small contractible open neighborhood that flows the extension for short time, agreeing with the given boundary data. Thus R c−tang is locally integrable.
Similarly, the openness of R c and microflexibility of R reg−tang imply the microflexibility of R c−tang . Suppose we have an arbitrary θ k -pair (A, B) ⊂ U ⊂ X × R where U is a sufficiently small open ball, a holonomic section F 0 defined on Op A, and a holonomic homotopy F τ defined on Op B and constant on Op(∂B). The idea is that one uses microflexibility of R reg−tang to obtain a family of curves over A such that, when glued together, is the desired holonomic homotopy, since openness guarantees holonomic in the transverse direction (i.e., we want to foliate the desired holonomic homotopy with our curves). As the holonomic homotopy F τ is defined on an open neighborhood of B, we may assume without loss of generality that B meets the fiber transversely (in the argument, we will parameterize a family of curves by B; without transversality, we would need to parameterize by an open neighborhood of B, or small intervals transverse to B within the neighborhood). By taking a sufficiently fine subdivision, we may also assume that B intersects each fiber in at most one point. Restricting F τ to {x} × R for points (x, t) on A gives us a holonomic homotopy over midpoints in the interior of curves (Op({x}×I x ))∩B in R reg−tang , where I x denotes a small interval over x in Op A.
Treating the curves I x and their midpoints as theta pairs in each fiber, we have a collection of theta pairs smoothly parameterized by those x ∈ X such that {x} × R intersects B nontrivially (so the parameter space is diffeomorphic to B), with holonomic homotopies along the midpoints of each theta pair. By microflexibility of R reg−tang applied to these theta pairs parameterized by x, these holonomic homotopies extend for a small time (uniform over the parameter x) over the curves ({x} × I x ). This extension agrees with the homotopy on the midpoints ({x} × R) ∩ Op B and agrees with F 0 on Op(∂B). Moreover, we can extend them to the rest of ({x} × R) ∩ Op A by defining them to be F 0 restricted to the fibers. We now have a collection of regular integral homotopies parameterized by B and defined on ({x} × R) ∩ Op A, and which agree with F τ when restricted to ({x} × R) ∩ Op B, up to a uniform small time σ. Moreover, these extended holonomic homotopies are smooth with respect to the parameter x, by definition of microflexibility. Define the desired holonomic homotopy F τ of R c−tang by gluing these extended holonomic homotopies together, with the uniform time σ to be the one obtained by microflexibility of R reg−tang . Since the extended homotopies by the curves are small perturbations interpolating between F 0 and F τ , we have that F τ restricted to the transverse direction X × {t} remains a totally real immersion transverse to D, by openness of R c . Therefore F τ is holonomic and R c−tang is microflexible. The same argument holds for the general parametric case, since microflexibility of R reg−tang allows for the extensions on the boundary of the parameter cube to be constant.
Moreover, any formal/genuine solution of R c on a simplex ∆ ⊂ X can be extended to a formal/genuine local solution of R c−tang on ∆ × R ⊂ X × R, again since ∆ is contractible, and so there are no obstructions to a nonvanishing vector field tangent to D defined on the image of ∆ in Z. Thus, we can flow a formal/genuine local solution of R c on a simplex ∆ for short time to a formal/genuine solution of R c−tang on ∆ × R, as we did above in the proof of local integrability.
Take a formal solution of R I ⊂ R c on X, which exists as proven in section 3. We take a triangulation of X and proceed by induction over the dimensions of the simplices. For the base case of 0-simplices ∆ 0 , extend the formal solution of R I ⊂ R c to a formal solution of R c−tang on ∆ 0 × R. By local integrability, we can then find a holonomic section of R c−tang over each 0-simplex. For the inductive step on k-simplices ∆ k , assume we have a holonomic section defined on ∂∆ k , which is a union of (k − 1)-simplices. By taking a nowhere vanishing vector field defined on ∆ k tangent to D as above, we extend the formal solution of R I ⊂ R c to a formal solution of R c−tang on ∆ k × R, with the extension agreeing with the inductively defined holonomic extension along the boundaries of the simplices. Then by the above holonomic approximation theorem, we can perturb an open neighborhood of ∆ k × 0 by a vertical diffeotopy h and obtain a holonomic section defined on an open neighborhood of h(∆ k × 0) that is ǫ-close to our formal solution in R I , again agreeing with the inductively defined holonomic section on the boundary. Restrict the section to h(∆ k × 0) for a holonomic section of R c which is ǫ-close to the original formal solution of R I . Moreover, the section is well defined globally on the k-skeleton of X, as the holonomic extensions agree with the holonomic sections defined on the lower dimensional skeleta. Repeat the argument on ∆ k+1 . Notice that the vertical diffeotopy h is constructed at each step, along each simplex. Finally, we end with a holonomic section defined on h(X × 0) that is ǫ-close to the isotropy locus.
In summary, given a formal solution mapping into the isotropy locus, we can apply holonomic approximation and find a holonomic section into an open neighborhood of the isotropy locus. In [3] , an expression for the Nijenhuis tensor N J in terms of the torsion tensor θ is given as:
where x ∈ X and ζ, η ∈ T x X. On a compact manifold, we have that any two metrics are equivalent, and similarly for any two pointwise norms these metrics define on any tensor. Then, for any choice of metric and norm, we have that the tangential lift G∂f maps into the isotropy locus I if and only if N J f = 0. For any metric g on X, we can push forward the metric by the diffeotopy constructed above to h(X). By construction of the holonomic section, and the continuity of the norm and variation of the complex structure, we have that N J ′ h * g < ǫ, where J ′ is the almost complex structure pulled back by the holonomic section. By the above equation relating the Nijenhuis tensor with θ, we have that N h * J f = h * N J f for any smooth map h. This implies that N h * J ′ g = h * N J ′ g = N J ′ h * g < ǫ. This then gives us an almost complex structure on X which has small Nijenhuis norm, with respect to the arbitrary metric g. We can iterate the argument of finding a formal solution and applying holonomic approximation and so, we have the following. Corollary 4.1. For n ≤ 77, an almost complex n-dimensional compact manifold X admits a sequence of almost complex structures so that the pointwise Nijenhuis norms become arbitrarily small.
Remark. Alternatively, the relation R I ǫ −tang ⊂ R c−tang of maps whose ∂ lifts into an ǫ-neighborhood of I when restricted to the horizontal component is invariant under precomposing with vertical diffeomorphisms [4] , so we can pull back the holonomic section over h(X) to a holonomic section over X that still maps into an open neighborhood of I. Doing so loses the approximation to the original formal solution, but we do not lose the approximation to I; the point is that we holonomically approximate the formal solution, which serves as a guide, to obtain a holonomic tangential map that approximates the isotropy locus. Losing ǫ-closeness to the formal solution also only occurs in the first and higher jet spaces; one still keeps the approximation on the level of 0-jets [4] . Regardless, we obtain a map on X that is ǫ-close to I, and therefore by continuity obtain an almost complex structure that is close to integrability. Note we do not obtain an almost complex structure that is "close" to the initial complex structure, since we are only approximating a formal solution.
Remarks on the Nijenhuis energy
In [5] , Evans considers the following functional:
where N J denotes the Nijenhuis tensor with respect to a given almost complex structure on a compact symplectic manifold (M, ω) and the norm is taken with respect to a given almost Kähler metric, with the functional defined on the space of compatible almost complex structures.
Note that if the infimum over J of the Nijenhuis energy is ever positive, then it would imply that there is a non-integrable almost complex structure compatible with the symplectic form ω. Le and Wang in [15] compute the infimum as zero for the Kodaira-Thurston manifold (which is a symplectic but non-Kähler real 4-dimensional nilmanifold). Evans extends the result and proves in [5] the following theorem.
Theorem 5.1. (Evans) If (M, ω) is a compact, symplectic manifold such that [ω] ∈ H 2 (M, Q), then the infimum of Nij over J is zero.
The question of whether the infimum of the Nijenhuis energy is ever positive is raised in both [15] and [5] . However, from the results of section 4, we have the following corollary:
Corollary 5.1. The infimum of the Nijenhuis energy is always zero, for dimensions n ≤ 77.
Since we can always find smaller neighborhoods of the isotropy locus after fixing a metric, we can iterate the argument above and find almost complex structures such that the Nijenhuis energy tends to zero.
